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ABSTRACT

The Army’s Combat Sample Generator (COSAGE) is a two-sided, symmetrical,
high-resolution stochastic simulation model that projects the outcome of ground combat
between two forces. Blue force is typically a division; Red force size may be scaled from
a fraction of a division to a combined arms army. Because COSAGE is high-resolution
(many asset types), it requires extensive data preparation time, and because output is the
result of 16-20 replications, substantial simulation run-time.

The analytical model implementation of this thesis is developed to economically
project ground combat attrition and munitions expenditures beyond the 48-hour period
currently modeled in COSAGE. The implementation evaluates Bayesian estimators of
time-period survivorship to estimate expected numbers of kills, both friendly and enemy,
during the first 48 hours of combat, then extrapolates those estimates in discrete time
steps (here 24 hours) beyond 48 hours. The implementation can be used to project
COSAGE output for all combat postures in Northeast and Southwest Asia (NEA and
SWA respectively).

An application of the current implementation is to support the warfighting
Commanders in Chief (CinC) need to create a Phased Threat Distribution (PTD) in
accordance with the Capabilties-Based Munition Requirement Process introduced in June

1997. -
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EXECUTIVE SUMMARY

The Army’s Combat Sample Generator (COSAGE) stochastically simulates the
joint action of combat arms in division-level combat. For example, it can represent
artillery, Army aviation, and certain engineering and U.S. Air Force functions in direct
support of armor and infantry.

COSAGE is a high-resolution simulation that requires extensive preparation time
for each of the various combat postures of interest; its run times typically involve 16-20
replications for each posture for a 48-hour period. The results reported are estimated
means (averages) of force types and sizes surviving after a given combat period.

This thesis implements and illustrates a simple discrete-time deterministic model
that projects or extrapolates initial 48-hour (2 day) COSAGE results to greater time,
determined by posture duration. The implementation also provides a diagnostic tool for
checking the validity of COSAGE inputs. The implementation employs COSAGE
output-based estimators to estimate the total expected number of kills, both friendly and
enemy, and the munitions expenditures, by platform type, required to sustain combat.

The implementation can be used to project numbers of surviving platforms for all
postures in Northeast and Southwest Asia (NEA and SWA respectively) beyond the 48-
hour period currently simulated in COSAGE. Both the single- and multiple-period
models significantly reduce the time required to obtain results beyond 48 hours of
simulated ground combat; they run quickly on a personal computer. Additionally, the
implementation of the analytical model enables analysts to explore numerous “what if”
questions concerning parameters, including fire allocation, firing rates and initial

platform numbers.
xi
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I INTRODUCTION
A. BACKGROUND

Decreasing defense budget funding over the past several years has forced the
Department of Defense (DoD) to re-evaluate its spending policies in numerous areas,
including that of conventional munitions. As an attempt to curb excessive munitions
acquisitions caused by an isolationist “service-centric” approach to munitions
requirements generation by the services, the Under Secretary of Defense for Acquisition
and Technology introduced Department of Defense Instruction (DODI) 3000.4,
Capabilities-Based Munition Requirement (CBMR) Process, in June 1997.

In order to generate battle scenarios for each potential conflict, each service
utilizes the Outyear Threat Report (OTR) and Defense Planning Guidance (DPG), two
documents dictated by the CBMR Process (Widdowson,l 1998). The OTR is produced
every odd-numbered year by the Defense Intelligence Agency (DIA), and outlines the
DIA’s estimate of potential threats for a specified planning horizon (the “outyears™)
(DODI 3000.4). The DPG, which is published by the Secretary of Defense, outlines
national security objectives and policies, military priorities, and projected resource levels
available to meet those objectives for the effective DPG period. Included in the DPG are
several Illustrative Planning Scenarios (IPSs), which outline hypothetical conflicts,
providing a baseline for potential military challenges within the effective years of the
DPG. The CBMR Process requires each warfighting CinC, for each given scenario, to
produce a Phased Threat Distribution (PTD), identifying friendly forces to which enemy
forces (platforms, installations, organizations) are to be assigned for attrition. DODI

3000.4 defines the PTD as




the CINC’s phased assighment of a portion of the enemy’s total

combat capability (i.e., forces, installations, and organizations)

to DOD Component commands. The distribution is a percentage

by type of target (e.g., tanks and fighters) by operation plan phases.

The resulting PTD allows each service to estimate the threat it must be prepared to
overcome. However, if each service attempts to cover all threats presented for each
scenario, munitions over-acquisition is inevitable. It is therefore imperative that targets
be equitably apportioned between the available services ’(W iddowson, 1998).

Once an equitable distribution of enemy targets with minimal overlap of target
assignments among the services is created, it is then up to each service to model the
ensuing battle. In order to ensure that the applicable Operation Plan (OPLAN) can be
successfully completed, each service must generate models to estimate the expected
attrition of both friendly and enemy forces, as well as munitions required to meet the
assigned goal.

B. THE PROBLEM AND A MODELING APPROACH

Each service historically relies on its own warfighting simulations to determine
munitions requirements for each scenario. One of the Army’s models, COSAGE (which
stands for Combat Sample Generator), is a two-sided, symmetrical, high-resolution
stochastic simulation model of combat between two forces, Blue (friendly) and Red
(enemy) (U.S. Army Concepts Analysis Agency [CAA], 1993). Running COSAGE
requires months of data collection, which is extremely manpower-intensive and
expensive, and requires days to run. The purpose of this thesis is to provide Army and

joint service analysts with a spreadsheet-based implementation, called DTAM (which

stands for Discrete Time Analytical Model), of an analytical model (see Gaver and
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Jacobs, 1999) using COSAGE summary output that will quickly and easily estimate
expected groimd kills and the associated expected Army munitions expenditures for an
extended scenario. The spreadsheet is an implementation of an analytical model
developed by D.P. Gaver and P.A. J acob; at the Naval Postgraduate School (Gaver and
Jacobs, 1999). Using COSAGE summary data from a 48-hour run as input, the DTAM
tool projects future kills for discrete-time (1, 2, or 3-day) time steps, referring to user-
defined stopping rules, eliminating the need for additional long, costly COSAGE runs.
C. PROPOSED PROCEDURE
This thesis develops an implementation called DTAM of a deterministic model to
predict the munitions required to sustain combat using output from the Army’s Combat
Sample Generator (COSAGE) model; the latter produces results in discrete time (48
hours), so the present model is matched to this data, then extrapolated beyond 48 hours,
here in 24-hour (1 day) steps. Parameters of the deterministic model are estimated from
summary COSAGE 48-hour output presented in the Killer-Victim (KV) Scoreboards.
The COSAGE summary output KV Scoreboard provides the following
information:
Combat Posture
Shooter
Weapon System
Munition Fired
Target
Shots (direct and indirect averaged over 16 or 20 replications)

Kills (averaged over 16 or 20 replications)
Kills on Dead Targets (averaged over 16 or 20 replications)

e A

The software implements a series of Bayesian estimators to estimate the expected number
of kills, both friendly and enemy, and the expected munitions expenditures, by platform

type, required to produce these kills from the COSAGE summary output.
3




In addition to providing a tool for quickly projecting casualties and munitions

expenditures, the analytical model allows “what-if”’ analysis to be conducted on various

platform and posture combinations. The proposed process is depicted in Figure 1.1.

/ COSAGE A

KV Scoreboard

- combat posture
- shooter

- weapon

- munition

- target

- average shots

- average kills

- average kills on

dead targets
\_ J

Implementation
of the Analytical
Model

/ Model Output \

o Estimated kills over 24
hours for each shooter /
target / munition 3-tuple
present

e Estimated probability of
survival for a given target
against all shooter /
munition pairs present

e Estimated platforms killed
over 24 hours by all shooter
/ munition pairs present

¢ Total munitions expended
by munition type

o Expected kill rates for each
shooter / munition / target

3-tuple present for each
Kcombat posture J

Figure 1.1 The software implements a series of Bayesian estimators to estimate the expected
number of kills, and the associated expected munitions expenditures required to produce these
kills from COSAGE summary output. The analytical model enables analysts to quickly generate
reasonable munitions requirements for each scenario presented.

The analytical model for both single and multiple periods extends the application

of COSAGE for all postures in Northeast and Southwest Asia (NEA and SWA

respectively) beyond the 48-hour period currently simulated. The analytical model

enables analysts to quickly generate reasonable expected munitions requirements for each

of the scenarios presented, on a mean basis. No account is given here of the likely

random variability of actual combat, or risk of ammunition shortages. These issues are

saved for future work.




D. MEASURES OF EFFECTIVENESS

Once the analytical model is implemented for the initial 48-hour period using
summary COSAGE output, the spreadsheet tool’s estimated mean numbers of platforms
killed is compared to COSAGE average numbers of kills observed by target type as
listed above. A measure of effectiveness used to evaluate the software’s plausibility is
the percent error in attrition calculations produced by using the Bayesian estimates.
Once percent error is calculated, an additional, graphical measure of effectiveness is
produced by fitting a linear regression of estimated kills produced by the analytical model
on actual kills observed in COSAGE summary output, as depicted for the posture NEA
“D” (Red Attack vs. Blue Delay) in Figure 1.2. Linear regressions for all combat

postures modeled by COSAGE are included as Appendix A. The model fit appears

satisfactory for the first 48 hours of combat.




Linear Regression
Data: NEA "D" (Red Attack - Blue Delay)

I'Regression Model: Estimated Kills ~ -0.4558 + 1.0288(Actual Kills)

Standard errors: Intercept 0.0727 .
500 | Slope 0.0014 PY /@
R-Squared: 0.9957

Linear Regression
of Estimated vs
Actual Kills

400 |-

300 |

200 |

100 [

Estimated # of Platforms Killed (Analytical Model)

Il " 1 i o L L ' il L L

v} 100 200 300 400 500
Actual Platforms Killed (COSAGE output)

Figure 1.2 A graphical measure of effectiveness is produced by fitting a linear
regression of estimated kills produced by the analytical model for 48 hours on
actual kills observed in the same 48 hours of COSAGE summary output. Linear
regressions for all other combat postures can be found in Appendix B.

E. CONSIDERATIONS

It is important to note that the analytical model is limited in scope. The estimates
of expected kills and munitions expenditures presented are based on COSAGE
summary output, and therefore do not represent platform interactions for shooter /
munition / target 3-tuples not modeled in COSAGE, nor can the model correct any
potential simulation deficiencies produced within COSAGE. Additionally, the analytical
model is designed to model only Army ground combat of the type presented in
COSAGE, and is therefore restricted to the following combat postures presented in

COSAGE for either Northeast Asia (NEA) or Southwest Asia (SWA):



I- Red Attack / Blue Prepared Defense
H-  Red Attack / Blue Hasty Defense
F-  Blue Attack / Red Prepared Defense
Blue Attack / Red Hasty Defense
D-  Red Attack / Blue Delay

L-  Defense Light (Less Intense Static)
P- Prep for Attack (Heavy Static)

N LR W
Z
1

It is also very important to remember that, while the analytical model produces
expected munition expenditures, it does so for tsimulated) actual combat only. As with
the PTD model, the analytical model does not address “training ammunition, strategic
stockpiles, [or] those munitions required to ensure that forward-deployed forces are

adequately armed” (Widdowson, 1998).
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II. MODELING APPROACH

A. PROBLEM STATEMENT

Once a PTD is developed and each service is presented its target set in accordance
with its role in the applicable OPLAN, the service must predict its munitions
requirements based on expected attrition. A tool to approach this problem for the Army
is as follows. A Bayesian estimate for the probability with which each target survives a
particular munition fired by a particular shooter is obtained from the summary COSAGE
output. These estimates are then used to obtain estimates of the expected numbers of
targets surviving, expected numbers of targets killed, and expected munitions expended
during a 24-hour period. The estimated survival probabilities for each shooter / munition
/ target 3-tuple for the 24-hour period are then used together with a user-input combat
posture to project the numbers of targets surviving for each side through time (24-hour
intervals) for a particular scenario.
B. MODELING ASSUMPTIONS

Several assumptions are made in the formulation of the analytical model which i1s
implemented in the software. While the ultimate goal is to capture as much reality in
battlefield intergctions as possible, some assumptions are required to make the model
complete. Additionally, simplifying assumptions provide a manageable model with
usable results. Users who rely on the analytical model must be comfortable that the
model usefully approximates reality.

The following assumptions are made in the formulation of the analytical model:




1. COSAGE Usefully Models Combat for Particular Postures

Since the deterministic model uses COSAGE summary output, it is assumed that
the COSAGE model usefully approximates ground combat. Hence, the deterministic
model is subject to all of the assumptions of COSAGE (e.g., ammunition supply is
. unconstrained).

2. All Forces Operate Along a Single, Continuous Forward Edge of the
Battle Area (FEBA) :

This simplifying assumption is made to prevent the need to model separate
combat postures for different battlefield areas. If combat posture in the multiple-period
model is treated as a piston model, similar to that in CEM VI, the entire battlefield is
governed by only one combat posture (CAA, 1985). As a result, shooters are provided a
uniformly-distributed target set that, although possibly larger than that in discontinuous
FEBA models, eludes the difficulties associated with explicitly modeling ﬂgnks exposed
to enemy fire. The current approach implicitly models more complicated situations as a
simplified force-on-force combat.

3. All Combat Postures Extend No Less Than 24 Hours

Because COSAGE data output is based on a single 48-hour period, and the
analytical model on a 24-hour period, it is necessary to assume that the user-prescribed
combat posture extends throughout the prescribed modeling period, and, as stated above,
across the entire FEBA.

4. All Forces Have COSAGE Battlefield Information

Because the analytical model uses the COSAGE Killer-Victim Scoreboard as its

input, the model inherits the battlefield information characteristics generated by

COSAGE. Target selection criterion, including target priorities represented by
10




COSAGE, dictate which shooter / target pairings exist as input to the analytical model
(CAA, 1993).

a. Combat for a Blue Division-Sized Force Versus a Red Force Can be
Modeled and Used as the Basis for Theater Force Combat

This assumption is made by COSAGE. It is assumed that, by modeling battles at
the Blue division level, the model will represent the essence of combat between Blue and
Red forces, including key interactions between forces in various combat postures (CAA
1993). Once this assumption is made, it is extended to include the assumption that
similar interactions witnessed during combat are scaleable according to force sizes (Blue
and Red).

6. Platform Regeneration and Reinforcement Are Not Modeled

In order to simplify the idea of available combat forceg, the analytical model does
not currently model platform regeneration or reinforcement, although this is feasible

(COSAGE models reinforcement, but not regeneration). Thus, the model does not

include the logistics pipeline associated with platform repair. Additionally, the model

does not explicitly include the effects of such intangibles as crew fatigue and morale (few

models do).

7. Individual Shooter Shooting Rate Does Not Change as Combat
Progresses

The effective rate at which individual shooters fire their weapons at specific target
types is derived from the initial 48 hours of combat generated by COSAGE. This rate is
assumed to prevail throughout the remainder of combat. There is no present basis for
making any other assumption, but closer examination of combat dynamics could well
suggest an improvement.

11




8. Once a Shooter Designates a Target Set, No Fire Re-Allocation
Occurs Based on Target Numbers

Once the estimated individual shooter rate of fire is calculated for each shooter /
munition / target 3-tuple in each combat posture, it remains constant. Because estimates
of expected kill rate are relatively small for any 24-hour period, the model provides that
no target type will be completely attrited to zero, though some approach zero (to a very
small order or magnitude); the practical implication is that these are zero. In the
multiple-period model, although the rate of fire for each individual shooter / munition
pair remains constant, the instantaneous (actually daily) rate of fire against a given target
type is diminished by reductions in the shooter numbers. If the number of a particular |
target surviving is reduced to zero, the weapons that would fire at it are not reallocated to
other targets. Hence, since fire is not re-allocated to different target types; the analytical
model does not model fire re-allocation.

9. Each Shooter Has a Non-Increasing Target Supply

The assumption of a diminishing target base allows for the notion of an expected
kill rate for each shooter / target pair based on current availability. While not all shooter /
target pairs may be available at all times, it is assumed that each shooter will attack those
targets present, and that COSAGE usefully models the target acquisition process.

10. Ammunition Supply is Unlimited

As in COSAGE, ammunition supplies are assumed to be unlimited, and battlefield
equipment such as tanks begin each battle with a full, inexhaustible onboard munitions
load. By making this assumption, the model avoids the possibility of posture transitions

based on factors (possibly realistic) other than available combat forces. Additionally, this

12




assumption retains the concept of an effective kill rate for each target / munition / target
3-tuple present.

11.  Some Indirect Fire Weapons are Treated as Direct Fire Weapons

Based on an interview with Professor Sam Parry at the Naval Postgraduate School
(Parry, 1999), various indirect fire weapons and their munitions may be treated as direct
fire systems. Based on this information, the analytical model implementation treats
Multiple-Launch Rocket Systems (MLRS), listed as platform “UMLRS,” and Precision-
Guided Munitions (PGM), listed as munition “PGM,” as direct fire weapons. It is
possible that, when summed, average shots attributed to a particular target may exceed
the average total shots recorded for the given munition. As a result of this assumption, in
the event that COSAGE reported kills exceed shots fired, the implementation sets kills
equal to the number of shots fired. This assumption is temporary and convenient, though
not easily defensible, and should be resolved in future work.

12.  Mines are Treated as One Platform Firing Indirect Fire Munitions

COSAGE reports minefields and fired mines as kill-producing platforms with an
initial number set to zero. Since minefields and fired mines produce positive kills, the
analytical model treats them as one platform firing indirect fire munitions in order to
calculate plausible kills attributable to mines. The analytical model does not currently
model mine-clearing operations, except as reflected in the COSAGE output.
C. DATA SOURCES

COSAGE summary reports, provided by the Center for Army Analysis (CAA),

provide all the data used in the analytical model. No data require dedicated collection
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efforts; the data are also used by various existing higher-resolution theater level
simulation models, including CEM VI (Appleget, 1995).

COSAGE is a division level stochastic simulation designed to provide planners
data to calculate ammunition expenditures and equipment losses, and to provide
equipment losses and munitions expenditures for use in simulation postprocessors
(Appleget, 704). COSAGE is used primarily as a method to calibrate data for theater
level models, such as CEM VI. COSAGE input includes organizational structures,
personnel and equipment strengths, weapon types, numbers of forces and their
characteristics, and types, quantities and technical characteristics of munitions for all
forces (CAA, 1993). As listed in Chapter I, COSAGE output utilized in the analytical
model consists of the killer / victim scoreboards, which provide data on posture, shooter /

munition / target 3-tuples present, average shots, average kills and average kills on dead

targets.
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III. THE SINGLE-PERIOD MODEL
A. DISCUSSION
The single-period model, created by Gaver and Jacobs (1999), is a discrete-time
formulation based on a series of Bayesian survival probability estimates for both direct
and indirect fire cases (see Section 3). As stated earlier, Bayesian estimates for the
probability a target survives munitions fired by a particular shooter are obtained from the
summary COSAGE output. These estimates are then used to obtain the following:

1. Estimated kills over 24 hours for each shooter / munition / target 3-tuple
present in the given scenario.

2. Estimated probability of survival for a given target against all shooter /
munition pairs present.

3. Estimated platforms killed over 24 hours by all shooter / munition pairs
present.

4. Estimated total munitions expended by munition type.

5. Expected kill rates for each shooter / munition / target 3-tuple present for each
combat posture.

The single-period model is implemented in Visual Basic, and is executed via
macros from within the associated Microsoft Excel workbook. A separate Excel
workbook, conFaining all computations for either NEA or SWA, is created for each
prescribed combat posture. Because each combat posture formulation relates so closely
to its COSAGE summary data source, typical scenario runs generate an Excel workbook
containing approximately 170,000 entries. A Pentium II running at 400 megahertz with
96 megabytes of RAM requires approximately 20 minutes to perform all calculations

required to produce the estimates listed above for each combat posture scenario.
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B.

VARIABLE CONVENTIONS

In order to aid understanding of the single-period model outlined below, as well

as the full single-period model formulation (Gaver and Jacobs, 1999), all state variables

will be referenced in accordance with the following conventions:

1. Although each COSAGE data set is the result of either 16 or 20 replications,
all references to COSAGE output assume an average value over all
replications.

2. COSAGE summary output is produced for a 48-hour period. Unless
otherwise indicated, all values and estimates generated by the single-period
analytical model represent a 48-hour period.

3. The time index listed in single-period state variables as O indicates the 48-hour
period modeled by the single-period implementation. In the multiple-period
implementation, the time index O will be replaced by ¢, which indicates the
various force element counts at the number of days predicted (e.g., 1, 2, etc.).

4. All indices indicating actual forces consist of a single uppercase character
(e.g., B indicates Blue forces, R indicates Red forces).

5. All indices with compound subscripts will list subscripts according to the
following convention:
a The first subscript indicates the firing force.
b The second subscript indicates the receiving force.
(e.g., Npr indicates shots by Blue forces against Red forces)

STATE VARIABLES
B(j;.1) Number of Blue platforms of type jp at time ¢
R(j,,1) Number of Red platforms of type jk at time ¢

COSAGE DATA FOR THE 48-HOUR CAMPAIGN
Reps Number of Replications

indicates the number of COSAGE replications run for the
current posture
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ﬁBR(jB’WB’jR’O)

ﬁRB(jR’WR’jB’O)

NBR(jB’WB7jR’O)

Npg (jR’wR’jB’O)

NBR(jB’WB’jR’O)

NRB(jR’WR?jB’O)

Shots (Blue on Red — direct fire)

indicates average number of shots taken over all
replications by one Blue shooter of type jg firing weapon
wg against all Red targets of type jr as indicated by
COSAGE for the initial 48-hour period

Shots (Red on Blue — direct fire)

indicates average number of shots taken over all
replications by one Red shooter of type jr firing weapon wg
against all Blue targets of type jg as indicated by COSAGE
for the initial 48-hour period

Shots (Blue on Red — direct fire)

indicates average number of shots taken over all
replications by all Blue shooters of type jg firing weapon
wp against all Red targets of type jr as indicated by
COSAGE for the initial 48-hour period

{NBR (jB’wB’jR’O) =B(J5,0) 1 (js’ws’jmo)}

Shots (Red on Blue — direct fire)

indicates average number of shots taken over all
replications by all Red shooters of type jr firing weapon wg
against all Blue targets of type jp as indicated by COSAGE
for the initial 48-hour period

{N.RB (jR’WR’jB’O) = R(jz>0)igg (jR’WR’jB’O)}

Shots (Blue on Red — direct fire)

indicates total number of shots taken over all replications
by all Blue shooters of type jp firing weapon wp against all
Red targets of type jg for the initial 48-hour COSAGE

period
{NBR (jB’WB’jR’O) = N (jB’ijR’O)'Reps}

Shots (Red on Blue — direct fire)

indicates total number of shots taken over all replications
by all Red shooters of type jr firing weapon wg against all
Red targets of type jp for the initial 48-hour COSAGE
period

{NRB (jR’WR’jB’O) = NRB (ijWR’jB’O)'RepS}
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A (jsrws’o)

SRB(jR’WR’O)

SBR(jB’WB’O)

SRB(jR’wR’O)

KBR(jB’wB’jR’O)

I?RB(jR’WR’jB’O)

KBR(jB7wB’jR7O)

Shots (Blue on Red - indirect fire)

indicates average number of indirect shots taken over all
replications by all Blue shooters of type jp firing weapon
wg against all Red targets as indicated by COSAGE for the

initial 48-hour period

Shots (Red on Blue — indirect fire)

indicates average number of indirect shots taken over all
replications by all Red shooters of type jr firing weapon wg
against all Blue targets as indicated by COSAGE for the
initial 48-hour period

Shots (Blue on Red - indirect fire)

indicates total number of indirect shots taken over all
replications by all Red shooters of type jr firing weapon wg
against all Blue targets for the initial 48-hour COSAGE
period

{SBR (jB’wB’O) = Spr (jB’WB’O)'RePS}

Shots (Red on Blue — indirect fire)

indicates total number of indirect shots taken over all
replications by all Red shooters of type jr firing weapon wg
against all Blue targets for the initial 48-hour COSAGE

period
{SRB (jR’WR’O) = Sgp (jR’ wR,O)'RepS}

Kills (Blue on Red)

indicates average number of Red targets of type jr killed
over all replications by Blue shooters of type jz firing
weapon wg for the initial 48-hour COSAGE period

Kills (Red on Blue)

indicates average number of Blue targets of type jp killed
over all replications by Red shooters of type jr firing
weapon wg, for the initial 48-hour COSAGE period

Kills (Blue on Red)

indicates total number of Red targets of type jr killed over
all replications by Blue shooters of type jp firing weapon
wp for the initial 48-hour COSAGE period

{KBR (jB’WB’ jR,O) = I?BR (jB’WB’ jR,O)-Reps}
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Ky (Jr»Wr» Jz,0)  Kills (Red on Blue)
indicates total number of Blue targets of type jp killed over
all replications by Red shooters of type jr firing weapon
wg for the initial 48-hour COSAGE period

{Kes (JasWe» j5-0) = Ky (g-Wp- Jg-0)- Reps)

E. SINGLE-PERIOD MODEL EXPLANATION

The following introduces the single-period model user to the format of the model
as it is implemented in Microsoft Excel™ 97. The complete Visual Basic code for the

single-period model implementation is included as Appendix B.

1. Excel Workbook Format

The single-period model for each of the seven combat postures, for both NEA and
SWA, is implemented in a separate Excel workbook. For illustrative purposes, all Excel
worksheets included in this section represent the NEA “D” (Red Attack vs. Blue Delay)
combat posture. Each workbook consists of the following eight worksheets, which are

explained in the next section:

COSAGE output
Platforms

Initial

Indirect

Kbr

Krb

LiveTgts
Munitions

B0 a0 o

In the first worksheet of the Excel workbook, “COSAGE output,” the user will
find information concerning data from the COSAGE summary output, including the
combat posture modeled by the active workbook (see Figure 3.1). As depicted in Figure
3.1, the second line of the worksheet COSAGE output indicates the combat posture

modeled, as well as information concerning the number of COSAGE replications run to
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produce the output shown. Additionally, included on the first worksheet of each
workbook, COSAGE output, is a command button labeled “Click Here to Execute
Formulation” which, when clicked, will execute the Visual Basic code required to carry
out all calculations for estimated survival and kill probabilities and munitions
expenditures outlined in Section 3, and to populate the entire workbook. Since all
calculations are executed when the “Execute” button is clicked, the user needs only to
click it once for each new combat posture. By using the command button, the user is
freed from the task of running each Visual Basic macro individually, and the potential

error of executing a macro before prior worksheets have been populated with data

required therein.
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Figure 3.1 Each Excel workbook consists of eight worksheets, which are accessed by clicking on
the tabs labeled “COSAGE etc,” etc. along the bottom of the Excel screen.




2. Excel Worksheets
This section is designed to familiarize the user with each of the eight worksheets
included in the Excel workbook, including a brief explanation of the key fields used in

the analytical model.

a. COSAGE Output

This worksheet displays the COSAGE summary data used in the analytical
model, and is the Excel equivalent to the Unix-based summary output produced by CAA
for use in theater models, with the following additions (see Figure 3.1). Columns L
through N, which include data concerning initial platform numbers and totals for indirect
shots fired, as well as column O, which estimates total shots fired over 24 hours by each
shooter / munition pair present, are populated once the formulation is executed. The
estimate of total shots fired over 24 hours by each shooter / munition pair (column O) is

then used by the analytical model in successive time periods.

b. Platforms

The “Platforms” worksheet provides the user with a list of all platforms,
weapon systems and munition types used in COSAGE (see Figure 3.2). The section
“Name” lists abbreviations used by COSAGE to describe each platform type outlined
above, and is followed by the platform description in “Definition.” Of special note is the
convention used by COSAGE to delineate between Blue and Red platform types. All
force-specific platform names, following COSAGE naming standards, begin with either

an “R,” indicating Red forces, or “U,” indicating Blue (or allied) forces.
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c. Initial

The worksheet labeled “Initial” provides the analytical model a list of all
platforms modeled in the prescribed COSAGE combat posture, as well as the initial
number of each platform present in the “Initial Platform Density” section (see Figure

3.3).

= Master PIalf;rm Ust
T T R T T T R e TR T T T
Master Platform List |

Platfotm Type Name _|Befinition

“ARMFD_|MINE, YOLCANG, AR DEUVERED

Uidsi . KOREAN K1, W/1G5MM MAIN GUN
1..UI05TS {TANK, 5. KOREAN K1, W/105MM MAIN GUN, SCUD TARGET. -
UE LTRACK -

111332 [APC. M11342, TRACK |

L1383 [APC. M11343, TRACK |

UT13AS Gl

| vrizem ‘APC M113A1, TRACK, W25MM BUSHMASTER”
B1138S

Ut3TW

CMD POST VEH, M5T7/A1/A2/A3, SCUD TARGET

) |FXWING, A-10A, WART HOG CLOSE AIR SUPPORT
FIX WING, EF-2000 (EURO FIGHTER)

. [FIXWING, F-16
[FECWING, JOINT STRIKE FIGHTER
FIX WING; TORNADO | e s o e o

FIXWING, A-10A, WART HOG CLOSE AIR SUPPORT

[FIXWING, EF.2000 €URO FIGHTER)

[FIKWING, F-16

FIX WING, JOINT STRIKE FIGHTER

FIX WING, TORNADG  : :

FIX WING, A-104, WART HOG CLOSE AIR SUPPORT

5 [FXWING, F-16 ;

Fix WING, JOINT STRIKE FIGHTER ™

FIXWING. TORNADO :

FXWING, A-10A, WART HOG ELOSE AR suppom

FXWING. F-18

Figure 3.2 The “Platforms” worksheet lists all platforms used by COSAGE (both shooter
and target), weapon systems, munitions, platform abbreviations and descriptions.
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Figure 3.3 The “Initial” worksheet provides Red and Blue initial platform numbers for the
designated COSAGE combat posture.

d Indirect

The “Indirect” worksheet provides the analytical model with a list of
indirect fire shots, averaged over total COSAGE replications, for each shooter / weapon /

munition 3-tuple present (see Figure 3.4).

e. Kbr and Krb

The “Kbr” and “Krb” worksheets provide both the user and the analytical
model with Bayesian estimates for survival probabilities, as well as the estimated average
kill rate for each shooter / munition / target 3-tuple present (see Figure 3.5). The
worksheets also provide the model firing rates (see Section 3, equations 3.4 and 3.10) for
each shooter / munition / target 3-tuple present for a 24-hour period (column I), which is

required to project the model beyond the initial 48 hours modeled by COSAGE. The
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worksheet “Kbr” shown in Figure 3.5 represents Blue forces killing Red forces. All

information shown is identical for worksheet “Krb,” with the exception that “Krb”

models Red forces killing Blue forces.
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Figure 3.4 The worksheet “Indirect” provides the analytical model with total indirect fire
shots for each shooter/munition/target 3-tuple present.
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Figure 3.5 The worksheets “Kbr” and “Krb” represent survival estimates and estimated kill
rates for Blue forces killing Red and Red forces killing Blue respectively.

f LiveTgts

Worksheet “LiveTgts” pulls Bayesian estimates, described in Section 3,
for survival probability from worksheets “Kbr” and “Krb,” using them to calculate
estimated number of targets killed for each shooter / munition / target 3-tuple present, as
well as estimated cumulative number of kills for each target type present for both 48 and
24-hour periods (see Figure 3.6). Since estimating cumulative platform kills in column O
is an additive process, it is important that, in order to estimate total cumulative kills, the
user read the last entry before the break for each target type. For an explanation of

“Calculated Error” (column R), see Equation (3.14).
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Figure 3.6 The “LiveTgts” worksheet displays estimated kills for each shooter / munition /
target 3-tuple present, as well as estimated kills by target type. For an explanation of
“Calculated Error” (column R), see Equation (3.14).

g. Munitions
“Munitions” provides the user estimated total munitions expended over a
24-hour period by munition type, as well as total munitions expended for each shooter /

munition / target 3-tuple present (see Figure 3.7). Calculations for these estimates can be

found in Section 3,
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Figure 3.7 Worksheet “Munitions” provides estimated total munitions expenditures for each
shooter / munition / target 3-tuple present, as well as estimated cumulative munitions
expenditures by munition type.

3. Preliminary Calculations

This section introduces the reader to some of the key calculations implemented by

the analytical model. An input into the analytical model, the Bayesian estimates for

survival probability, were introduced by Professor Gaver and Professor Jacobs in their

paper Discrete-Time Analytical Models for Use in Combat Systems Studies that Augment

Simulation Models (“COSAGE” ) (Gaver and Jacobs, 1999) in order to avoid over-

emphasis on literally zero platform kills by COSAGE (a result of random sampling).

Here the prior probability distribution has been assumed to be uniform(0, 1).

Improvements can be made using actual individual shooter / weapon / target data. This is

left for future work.
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Estimators

Direct Fire

The Bayesian estimates for direct fire survival and kill probabilities are obtained
for each combat posture, and are formulated on the assumption that each direct fire shot
fired by a particular shooter is aimed at only one target. The direct fire assumption in
DTAM is that, for every shooter / munition / target 3-tuple, there is a miss probability g
such that ¢” is the probability of surviving x shots. In other words, shots are assumed to
be independent. The parameter g must be estimated from COSAGE output, but there is a
danger that the estimate may be near the extreme values of 0 or 1 because of small
statistical samples. We therefore adopt a Bayesian point of view where g is initially
supposed to uniformly random in the interval [0, 1]. The estimate g is then taken to be
the mean of the posterior distribution (Gaver and Jacobs, 1999). This point of view is
responsible for the terms 1/Reps and 2/Reps in the estimates specified below; the effect
is to move estimates away from extreme values toward the mean of the distribution (/2).
Results of these estimates can be seen in worksheets “Kbr,” “Krb,” and “LiveTgts.”

The Bayesian estimate for the single shot survival probability for a Red target of

type jr being fired on by a Blue shooter of type jp firing munition wj for the initial
COSAGE 48-hour period is

NBR (jB’wi’jR’O)—‘I?BR (jB’wB’jR’0)+(l/Reps) (31)
Ny (jB,wB,jR,O)+(2/Reps)

é(jB’WB’jR) =

The estimate for the initial 24-hour survival probability of one Red target of type
jr against all shots by a given Blue shooter / munition pair ( j,,w;) is

~ . . as . . v Nor(js.we.jr0)/
s (JaWe: Jr) = (Q(JB,WB,]R))M)( R(kao)) (3.2)

where the exponent %2 scales results from 48 to 24 hours
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The estimate for the average number of shots per Blue shooter of type jp firing
direct fire munition wp at Red targets of type jr over any 24-hour period is

. . 1 NBR(jB’WB’jR’O)
s B =—= 3.3
pBR(.]B WB .IR) 2( B(]B,O) ( )

The estimate for the average rate of kill of Red targets of type jz by each Blue
shooter of type jp firing munition wp at Red target of type jz over any 24-hour
period is estimated as

a(jB’WB’jR)=pBR(jB’WB’jR)(l_é(jB’wB’jR)) _ (3.4)

The estimate for the expected number of kills of Red targets of type jr by all Blue
shooters of type jp firing munition wg in a 24-hour period starting at time t is

Por(iswe.iz)B(jst)

R(jR,t)—R(jR,t-x-l)={1—c}(j8,w8,jk)( Rz 1) ]}{R(jk,t)} (3.5)

Indirect (or Area) Fire

Unlike direct fire, indirect fire does not make the assumption that each shot fired

by a given shooter / munition pair is directed at a single target. One indirect fire shot can

kill more than one target if multiple targets are within its lethal area footprint. The

COSAGE Killer-Victim scoreboard introduces the notion of “K” shots, which indicate

the indirect fire shots “perceived” by intended targets. The implementation of the

analytical model does not address “K” shots (“K” records in COSAGE output), utilizing

“S” records instead to account for actual indirect fire shots fired by Blue and Red forces.
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A Bayesian estimate for the survival probability for one Red platform of type jr
against a single shot by a shooter of type j firing munition wp, using the initial
48-hour COSAGE output, is

~

Q(jB’wB’jR)zl—

_ EBR(jB’WBajR3O)+(1/RepS) (3.6)
Ssx (73> Ws0)- R(jr,0)+(2/Reps)

A Bayesian estimate for the initial 24-hour survival probability for a Red platform
jr against (¥2) S (75, ws,0) shots is

~ . . Al s . ) gsn( jg W .0)
q24(.]B’WB’]R)=|:q(JB’wB’JR)](A) ’ 3.7
where the exponent ¥2 scales results from 48 to 24 hours

The estimated rate at which each Blue shooter of type jg fires indirect fire
munitions of type wg at Red targets of type jr over any 24-hour period is

1 (gsk(jsaws’o)] (3.8)

Por (Jp- Ve Jn) = B(J,,0)

The estimate for the average rate of kill of Red targets of type jr by each Blue
shooter of type j firing indirect fire munition wg over any 24-hour period is

5(jB’WB’jR) =p(jB’WB’jR)(l—é(jB’wB’jR)) (3.9

The Bayesian estimate for the expected number of indirect kills of Red targets of
type jr by all Blue shooters of type jz in 24 hours starting at time t is

R(jR,I)_R(jR,t'*'l) ={1 —é(jB,WB,jR )P.,(l,h.}.)B(J.I)}{R(jR’t)} (3.10)

Estimated Cumulative Probability of Survival

The estimator for the cumulative expected survival probability against direct or
indirect fire for target jg against all shots from all shooter / weapon pairs present
firing at that target for any 24-hour period starting at time t is
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Direct Fire

HH ( ng Wg, J .R ))Psk(fsvwa-jk)'g(fs-’)/R(jk-f) , ij,t G.11)

Indirect Fire
HH ( JusWas Jin ))PBR(].B,WBJR)AB(J',.') , VjR,t (3.12)

It is important to note that the estimators described above are shown for
illustrative purposes only. Since targets must survive shots from both direct and indirect
fire, the implementation of the analytical model uses the product of Equations 3.11 and
3.12 to describe the cumulative survival probability against both direct and indirect fire.

The estimator for the cumulative expected survival probability for Red target jr
against all shots from all Blue shooter / munition pairs ( jB,wB) present for any

24-hour period starting at time ¢ is

Gvu (Js jr-t) = Formula(3.11)- Formula(3.12), Vjy, ¢ (3.13)
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Computing Percent Error for Estimated Kills

When implementing the Bayesian estimates, one measure of effectiveness used to
evaluate the software’s plausibility is the percent error in attrition calculations produced
by using the Bayesian estimates when compared to the initial COSAGE 48-hour period.

The estimate for the error in attrition of Red targets of type jr being attrited by
Blue targets of type jp firing munition wg is

lR(jR’O)(I—ésurv (jB’WB’jR’O)z)-EBR (jB’WB’jR’O)l (3.14)
e= '
R(Jjz»0)

where the exponent 2 scales results for g, ( jz, Ws, jz,0) from 24 to 48 hours.

There is, of course, a corresponding formula for Blue attrition.
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IV. THE MULTIPLE-PERIOD MODEL

A. DISCUSSION |

Like the single-period analytical model, the multiple-period model is a discrete-
time formulation based on Bayesian estimators of survival probabilities formulated by
Professors Gaver and Jacobs. The multiple-period model utilizes the same Bayesian
survival probability estimates implemented in the single-period model for both direct and
indirect fire cases. All state variables introduced in the single—périod model carry over to
the multiple period model, with the addition of an active time subscript £. Unlike the
single-period model, in which the subscript ¢ set to zero indicates the initial 48-hour
timeframe, the multiple-period model uses ¢ as a 24-hour period (this can be altered at
will, e.g., to 12-hour periods). The Bayesian 24-hour survival estimates and shooting
rates calculated in the single périod model for use in the multiple-period model are
utilized to produce the following:

1. Estimated platforms surviving after the user-defined 24-hour period for each
shooter / munition / target 3-tuple present for the user-specified combat
posture. :

2. Estimated munitions expenditures for the user-defined 24-hour period for each
shooter / munition / target 3-tuple present for the user-specified combat

posture.

3. Expected total munitions expended by munition type for the user-defined 24-
hour period and combat posture.

The Visual Basic macros implemented in the multiple-period model require
approximately six minutes to produce the output described above for each theater /
posture combination for each 24-hour period. A sample of the Visual Basic formulation

for the multiple-period model is included as Appendix C.
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B. MULTIPLE-PERIOD MODEL EXPLANATION

As stated above, the complete implementation of the multiple-period model
formulation, created by Professors Gaver and Jacobs is included as Appendix C. The
following introduces the multiple-period model user to the format of the model as it is
implemented in Excel workbooks.

1. Excel Workbook Format

The multiple-period model for each of the seven combat postures, for both NEA
and SWA, is implemented in an expanded version of the Excel workbook utilized in the
single-period model. Each workbook in the multiple-period model adds the following six
worksheets to those for the single-period model described in Chapter . The six

worksheets, which are explained in the next section, are:

1. Red

2. Blue

3. Red Update
4. Blue Update
5. Shots

6. Totals

2. Excel Worksheets

This section is designed to familiarize the multiple-period model user with each of
the six worksheets added to the Excel workbook for each combat posture, including a
brief description of the key fields used in the analytical model. For illustrative purposes,

all worksheets shown in this section are from combat posture SWA “N” (Blue Attack vs.

Red Hasty Defense).
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a. Red and Blue

The first two workbooks, “Red” and “Blue” provide the analytical model
implementation the initial numbers of each platform present at time ¢ = O (see Figure 4.1).
Both “Red” and “Blue” worksheets are populated by running the Excel CosageUpdate
macro, in which all initial numbers are drawn from the COSAGE Killer-Victim
Scoreboard and apportioned between Red and Blue platforms to reduce looping times

when the model is implemented.

EdMicrasoft Excel - swo N (multil.xls [ 18]}

AL e a intial Platform Numbers
] A 1 B Fomuaba["C D E oG H g oK L
1] Initial Platform Numbers |
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Figure 4.1 The “Red” and “Blue” worksheets provide the multiple-period model with
initial numbers of each platform at time ¢t = 0.

b. Red Update

This worksheet, in conjunction with the worksheet “Blue Update,”

provides the user a simple model interface by which to control the number of 24-hour
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periods to be modeled. Beginning with the information concerning platforms and their
initial numbers provided in worksheet “Red,” the “Red Update” worksheet calculates
estimates of surviving Red platforms for successive 24-hour periods as a function of
remaining Blue platforms, shots and kills using the Bayesian survival estimates
introduced in Chapter III, Section E. In addition, the “Red Update” worksheet provides a
worksheet-based interface which allows the user to simply designate how many 24-hour
periods to model, for both Red and Blue forces, by entering an iﬁteger value in the dialog

box and clicking the command bar (see Figure 4.2).

3 R L . .
i loseitthe numbay@2&ﬁqugp§q§q§'yogm;o;mode‘g."l___m‘ ‘fmeb_c_rﬁél_(_l;gm

ROPS16
ROPSA7

Figure 4.2 The “Red Update” worksheet includes a command bar, which allows the user
to dictate how many consecutive 24-hour combat periods to model.

Once the number of periods is designated and the command button clicked, the model

calculates surviving Red platforms and then surviving Blue platforms starting at time
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t = 0, displaying successive 24-hour periods from left to right in the “Red Update” and

“Blue Update” worksheets (see Figure 4.3).

C.

Blue Update

The “Blue Update” worksheet is similar to the “Red Update” worksheet,

but without the user-interface command bar. This worksheet implements the Bayesian

estimates introduced in Chapter III to calculate estimates of surviving Blue platforms at

24-hour intervals, as a function of surviving Red platforms, shooting rates and kills.
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Figure 4.3 On worksheet “Red Update,” when the user enters an integer value in the
text box and clicks the command bar, the model automatically updates estimated

surviving platforms.

d.

Shots

The “Shots™ worksheet utilizes 24-hour shooting rates calculated in the

single-period model and surviving platforms calculated in worksheets “Red Update” and
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“Blue Update” to generate estimated shots for both direct and indirect fire weapons for
each shooter / munition / target 3-tuple present. These estimates do not account for target
numbers equal to zero. As a result, they tend to overstate munitions expenditures; this
can be corrected by introducing an indicator variable that goes to zero with target
number. Re-allocation of weapons will be treated in later work. Included on the
worksheet is an interface that allows the user, once the Update model is completed, to
estimate munitions expenditures for a specific 24-hour period (see Figure 4.5). Once the
desired 24-hour period is entered and the command button clicked, the multiple-period
model populates both the “Shots” and “Totals” worksheets. The current assumption
made in Chapter II, Section B, that shooting rate per Blue shooter is independent of target
number, allows a somewhat naive approach to attrition calculations for successive 24-
hour periods without sacrificing the plausibility of the estimates for direct and indirect

fire attrition. Sample multiple-period results are included in Chapter V.
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Figure 4.5 The “Shots” worksheet provides a simple interface by which the user can
predict munitions expenditures for a specified 24-hour period.

e. Totals

As stated above, when the user-interface on the “Shots” worksheet is
activated, the “Totals” worksheet is populated with shot data from the desired 24-hour
combat period. The “Totals” worksheet then calculates total munitions expenditures,
both by shooter / munition / target 3-tuple, as seen in worksheet “Shots,” and as total
expenditures for the user-defined 24-hour period by munition type in the “Totals”
worksheet (see Figure 4.6). As expected, when compared to the single-period model, the
total numbers of munitions fired by all shooters decreases in successive 24-hour periods
as shooters are attrited, even though, as discussed above, shooting rate per shooter

remains constant throughout the combat posture. As noted before, the calculations do not
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reflect the numbers of targets present. Hence, the calculations tend to

overstate the munitions expended. This will be corrected in later work.

i Total Munitions Expended by Type

1 Total Munitions Expended by Type

25 Munitions Expended for time (t + 1}

, Cumulative Total Shots of

3% Munition Shoater Target This Munition
: 122ICM RLI22V UM-TP . 75446579
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122ICM RLI22V :

122eM

3353.1813

munition / target 3-tuple, and as totals for each munition type.

C. CHANGING COMBAT POSTURES

1. Discussion

The implementation of the multiple-period model introduces the user to the added
benefit of being able to switch from one combat posture to another after each 24-hour
period within the same theater. As those who have studied history know, entire wars
often shift from one combat posture to another as tﬁe balance of power shifts, rarely
remaining in one combat posture for more than a few days at a time. COSAGE provides
the user a total of seven combat postures, which are modeled in both NEA and SWA. As

implemented by many combat simulations, including CEM, battles are often represented
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by a “piston” model, which is forced back and forth as the balance of power shifts from
Blue to Red and vice versa (CAA, 1995). By introducing the concept of shifting combat
postures, the multiple-period model may more closely predict platform survival over the
entire combat duration.

2. Model Implementation

The implementation of the multiple-period model is capable of changing combat
postures after each 24-hour combat period. Although the model does not include a
worksheet-based interface, the procedure for switching combat postures involves minimal
user input, and can be accomplished in under one minute. Additionally, because the
implementation is based on COSAGE, in which all postures in a given theater share a
common platform set, albeit with different initial numbers, the user need not concemn
himself with the possibility of data “gaps.” The procedure for switching from one

combat posture to another is as follows:

a. Modeling the First 24 Hours

The user dictates the posture in which combat is to begin, or in which
posture combat starts for a user-defined phase. Once the posture is chosen, simply run
the multiple-period model for a single 24-hour period using the interface on worksheet
“Red Update.” At the user’s discretion, the initial posture may be run for more than a

single 24-hour period.

b. Formatting the Output

Once the formulation has completed the desired iterations of platform

survival estimates, the output on worksheets “Red Update” and “Blue Update” requires
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some quick formatting. COSAGE dictates that each posture for a given theater (NEA or
SWA) begin at time ¢ = 0 with the same types of platform, although many begin with
different initial numbers (CAA, 1993). As a result, platform lists and the calculations
associated with those lists, are interchangeable. In order to ensure that platforms
simulated in the analytical model will match on a case by case basis from posture to
posture, the platforms must be placed in alphabetical order. Once the desired number of
24-hour iterations is complete, the user need only alphabetize the results by selecting
entire rows of data in the Excel worksheets “Red Update” and “Blue Update” (see Figure
4.7).

Once the rows containing all platform names, initial numbers and
estimated survivors have been highlighted, the user need only click the Sort Ascending
button on the Excel toolbar. After repeating the procedure on the “Red Update” and
“Blue Update” (source) worksheets in the next dictated posture’s (target) workbook, the
data is ready for transfer and continued modeling. By copying the last 24-hour estimate
column from the source worksheets and pasting them into the “Initial Number” column
of the appropriate target worksheets, the user is ready to continue modeling combat.
Because the multiple-period model implementation does not affect the worksheets “Red”

and “Blue,” initial platform numbers remain unchanged in these worksheets.
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Figure 4.7 By selecting the rows containing all platform information, the user can
then alphabetize the data using the Sort Ascending icon to properly format the data.

PR

c. Modeling Continued Combat

Now that the data from the last 24-hour combat period has been imported
into the worksheets associated with the next user-dictated posture, it is ready for further
use. Since shooting rates and kill probabilities are located in the “COSAGE output”
worksheet of the target combat posture workbook, importing data does not in any way
alter the combat characteristics of the target posture. The user may now select the
number of 24-hour time steps to calculate in the new combat posture. Then, once the

desired runs are complete, simply repeat the steps above to switch combat postures again.
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V. RESULTS AND CONCLUSIONS

A. RUN TYPES

As of publication, the implementation of the Discrete-Time Analytical Model
(DTAM) has been run on all fourteen COSAGE summary data sets generated by Total
Army Analysis 2005 (TAAO05). Although many of the input parameters to COSAGE are
classified, its output is not, making it an ideal candidate for further modeling exploration.
DTAM should be used as a quick, unclassified tool used for esfimating expected kills and
munitions expenditures. However, the user must remain aware that the model is simply a
tool, and that it includes some rather broad assumptions about combat modeling. While
the results of the model are generally comparable to those produced during the first 48
hours of combat reported by COSAGE, there may exist outside factors unknown to the
user that could make the model less accurate beyond the first 48 hours.
B. RESULTS

As shown in Appendix A, the single-period implementation of the analytical
mode] performs well when compared to the COSAGE Killer-Victim Scoreboard,
producing estimation errors in many cases well below one percent. One of the quickest
and easiest ways to compare the estimates produced by the implementation of the
analytical model and those produced by COSAGE is through linear regression. By
regressing estimated kills on actual (observed COSAGE data) kills, the user can very
quickly get a general idea of how well the implementation estimates the number of kills
produced by COSAGE. To determine where potential problems lie, however, requires a

different approach. While there is no best answer, one potential method to determine
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goodness of fit” for each pairing of estimated versus observed COSAGE kills for the
initial 48 hours of combat is formula 3.14, which is

Estimated Number of Platforms Killed — Mean COSAGE Platforms Killed
error = | f Pl L 4.1

Initial Number of Targets

Unlike other methods that amplify relatively small absolute errors when the observed
COSAGE kills are small, this method penalizes the analytical model implementation only
when the proportion of estimated targets killed differs greatly from the proportion of
COSAGE observed kills for the initial 48 hours of combat. For exampie, for a platform
with initial number 25 and observed COSAGE kills of 0.15, a kill estimate of 0.75

| Estimated Number of Platfarms Killed — COSAGE Platforms Killed) 4.2)

produces an error of 400% if error =
COSAGE Platforms Killed

Expression (4.1) yields estimated kill error calculations for each platform type,

displayed in Figure 5.1, which identifies potential problem cases.
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Absolute Proportional Error vs. Platform Index
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Figure 5.1 Plotting absolute proportional estimate error identifies where estimated kills
produced by the analytical model implementation differ greatly from kills produced by
COSAGE in the initial 48 hours of combat.

For the combat posture SWA “D” (Red Attack vs. Blue Delay), Figure 5.1
identifies three platforms for which the analytical model implementation differs
significantly from COSAGE output concerning platforms killed during the initial 48
hours of combat. Table 5.1 displays these three cases in tabular form. Recall that
summary data are a variable from COSAGE. Data on the number of rounds fired at each
particular target are unavailable. Hence, the Bayesian estimates for survival probability

include the exponent "alUss-in9)7 . for direct fire, which assumes that each target,

fired at by a weapon receives an equal allocation of all shots. In reality, each target
receives only an integer number of shots, which means that some targets will receive
more shots than others. For example, if a total of fifteen shots are fired at ten targets, the

allocation of those fifteen shots may be explained as follows:
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Let S =15 (the number of shots fired)
R = 10 (the number of Red targets)

| X | = the greatest integer in X (e.g., [ 1.7]=1,12.3]=2,etc.)
Then § = aR + b where b is a remainder (b =5 —[%J - R]
aﬂd a:[iJ:[EJ:I
R 10
Hence, assuming that all targets are affected by the 15 shots, b (10) targets

will receive [%JH shots each, where 1 represents the 15-10=5

“excess” shots, while the remaining R- b (5) targets will receive only one

shot each.
Platform Name Initial COSAGE Analytical Model
Number Kills Implementation Kills
RH152T
(152mm Howitzer) 36 15.88 3743
RBMP5ST
(Armored Personnel 84 18.38 40.12
Carrier)
RL220V
(Multiple Rocket 48 15.12 21.92
Launching System)
Table 5.1 Plotting absolute proportional error identifies potential problem cases for which
estimated kill proportion differs significantly from the COSAGE kill proportion for the
initial 48 hours of combat. Once potential problem cases are identified, the cause should be
determnined.

Examining the kill discrepancy for platform RH152T reveals the following:
Of all shooters killing RH152T in posture SWA “D,” only one, UACL64 (AH-64

helicopter) fires only one munition type at RH152T, which is the Longbow missile.
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Because of its accuracy, the Longbow missile produces 5.69 kills with an average of 6.12 |
shots at RH152T, which represents a simple kill probability of 0.93. It appears possible
that the mean COSAGE data is the result of overly-optimistic kill probability input
parameters, though averaged COSAGE output does not reveal the true cause. Using
Equation (3.1) to determine the single shot survival probability yields a value of 0.0789.

Since there are initially 36 targets, the estimated number that survive the Longbow alone

is (36)(0.0789)6'1%6 =23.37. This corresponds to 12.63 estimated kills, whereas

COSAGE produces only 5.69 kills. Because the Longbow missile, fired in small
numbers, produces so many expected kills, the analytical model implementation
overestimates kills of platform RH152T.

| Implementation of the Multiple-Period Model vs. COSAGE

This section examines the implementation of the multiple-period model for
combat posture NEA “F” — Blue Attack vs. Red Prepared Defense. The comparisoh in
this section involves the multiple-period model implementation, comparing its estimated
kills produced by running two consecutive 24-hour periods to the results produced by a
single 48-hour period modeled by COSAGE.

| To examine the plausibility of the implementation of the multiple-period model

for the case NEA “F,” we will look at the linear regression of estimated number of kills
produced by the implementation of the analytical model for two consecutive 24-hour

periods versus actual kills reported by COSAGE (see Figure 5.2).
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Linear Regression

Data: NEA "F" (Blue Attack - Red Prepared Defense)
Multiple-Period Model Implementation (2 24-hour periods)

Regression Model: Estimated Kills ~ 0.9011 + 1.0035(Actual Kills)
Standard errors: Intercept 0.3150
4000 Slope 0.0007

R-Squared: 0.9999
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Figure 5.2 The linear regression of Estimated vs. Actual COSAGE kills
confirms that the plausibility of the analytical model for estimating kills.

Based on the results shown after two consecutive 24-hour combat periods, the analytical

model produces plausible results.

2. Implementation of the Multiple-Period Model vs. Implementation of
the Single-Period Model

Because the single-period and multiple-period model implementations utilize the
same Bayesian estimators introduced by Gaver and Jacobs, one would expect that each
model implementation would produce the same estimated number of platforms killed
after 48 hours of combat. In order to partially check this conjecture, we examine the

linear regression of estimated multiple-period model kills versus estimated single-period

model kills for the same combat posture (see Figure 5.3).
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Linear Regression
Data: NEA "F* (Blue Attack - Red Prepared Defense)
Multi-Period Model Implementation (2 24-hour periods) vs Single-Period Model Implementation

Regression Model: Estimated Multi-Period Kills ~ -0.1475 + 0.9999({Single-Period Kills)
| standard exrors: Intercept 0.4211

Slope 0.0008
R-Squared: 0.9999

4000

3000 |

Linear Regression

2000 of Multi-Period

Estimated Kills vs

Single-Period

Estimated Kills

1000 |

Estimated # of Platforms Killed (Muiti-Period Model)

L i L A L L L] i ]

0 1000 2000 3000 4000
Estimated # of Platforms Killed (Single-Period Model)

Figure 5.3 Ideally, the single-period model implementation and
multiple-period model implementations should produce the same kills
after 48 hours of simulated combat.

Although it appears from the plot that the single-period and multiple-period
model implementations produce identical results for the estimated number of platforms
killed over 48 hours of combat, the linear regression report shows otherwise. While there
is measurable difference between the results from the two implementations, it is easily
explained. Because the single-period model implementation models a continuous 48-
hour period, it lacks the time resolution afforded by the multiple-period implementation,
and as a result, calculates platform attrition only once, overlooking the attrition to

shooters that will effectively diminish total estimated kills. Although its value is nearly
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one, a slope value of 0.9999 may not indicate that the single-period model
implementation produces the same number of platforms killed as in the multiple-period
model implementation. To investigate, Figure 5.4 displays differences in the two

implementations as a function of the number of targets present.

Error Plot
Data: NEA “F* (Blue Attack - Red Prepared Defense)
Error Plot: Difference in Single-Period and Multiple-Period Kills ~ Initial Platform Number

20 1

10 |
®

(Single-Period - Multiple-Period) Estimated Number of Kills

-20 I

L It 1 L L N El L L
0 1000 2000 3000 4000
Initial Platform Numbers

Figure 5.4 Plotting differences between the estimated kills produced by
the single- and muitiple-period model implementations shows that the
single-period implementation does not produce a systematic bias
compared to the multiple-period implementation.

3. Comparing Estimated Survivors for Different Postures
As discussed in Chapter I, COSAGE models seven different combat postures. A
simple check to determine the plausibility of both the single- and multiple-period models

can be accomplished by turning a qualitative vice a quantitative eye toward the reported
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results. By recalling the different combat postures, the user should, with some sense of
accuracy, be able to predict a very general outcome of the battle. For example, if the
posture being modeled depicts Blue Attack vs. Red Hasty Defense (posture “N”), the user
would expect to see, after several days of combat, much higher attrition rates for Red
platforms than for Blue.

To provide an example of the theory outlined above, Figures 5.5 and 5.6 depict
results for some platforms for seven days of combat in SWA posture “N” (Blue Attack
vs. Red Hasty Defense). As expected, Blue attacking forces were able to inflict
substantial attrition on Red forces fighting from a hasty defensive position. While
numerous Red platforms approach zero during the first seven days of battle, the user must

remember that battles rarely remain in the same combat posture for more than a few days.
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Figure 5.5 After seven days of combat in posture “N” (Blue Attack vs. Red Hasty
Defense), Red platforms have suffered substantial attrition.
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Figure 5.6 After seven days of combat in posture “N” (Blue Attack vs. Red Hasty
Defense), during which Blue was the attacker, Blue forces suffered only limited attrition.

In another example, Figures 5.7 and 5.8 depict numbers surviving for some
platforms for seven days of combat in the SWA “H” posture (Red Attack vs. Blue Hasty
Defense). From the posture description, one would expect to see far fewer estimated Red
kills than in posture “N,” as well as an increased number of Blue estimated kills. As
expected, Red forces suffered less estimated attrition than witnessed in posture “N,” and
Blue forces fighting from a hasty defensive position suffered greater estimated attrition.
It is useful to note that, although Red forces are offensive in posture “H,” some high-

priority targets are still attrited to zero over the course of seven days.

54




yenzawmrmlmwcwm,;

"« Sunvving Platiorms

1 ] I € 9. OO - A SN .. S W
sl]rv]ving Platforms B lnscn the number of 24-houe petiods you went to mndel then click Mre ) i

Flatform Mame _ Initiol Number __ Tim g T Tmefe7  Timei-3) _ Wmefi-d Time(le5 _ Timeie6)  Tmefieh) ‘i
RAD37A 17 101 9906 88 7682 769099 86 1274 552234 470585 e

2
3
4. RADSTA
5
4

08 013158 980479 890747 12322
o 0.0000 . 00000
s ssz1 7 5300
54 35.1643 27.2507
%4 178 8983 149 7456
%64 179 6589 150.6566
12

$3ogrEBo

- e h‘&;

Figure 5.7 In the SWA “H” (Red Attack vs. Blue Hasty Defense) posture, Red
forces, which are now attacking forces, suffer fewer estimated kills than in
posture “N” (Blue Attack vs. Red Hasty Defense).
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Figure 5.8 In posture “H” (Red Attack vs. Blue Hasty Defense), Blue platforms,
fighting from a defensive position, suffer significantly more estimated kills than
in posture “N” (Blue Attack vs. Red Hasty Defense).




In postures “N” and “H,” various Red platforms are attrited to zero during seven
days of combat, which may alarm the user. In the single-period implementation, the
estimated number of targets killed for the first 48 hours of combat is compared to
COSAGE output to ensure single-model plausibility. Once validated, the multiple-period
implementation extrapolates the estimated kill rates for 24-hour periods beyond the initial
48 hours modeled in COSAGE. As a result, if the combat posture remains unchanged,
estimated attrition rates calculated in the initial 48 hours are carried through successive
24-hour periods, producing seemingly high estimated kill rates.

In a final example, Figures 5.9 and 5.10 depict numbers surviving for some Red
platforms for seven days of combat that starts in posture “N” (Blue Attack vs. Red Hasty
Defense), then transitions to posture “F” (Blue Attack vs. Red Prepared Defense) after
two days for the remainder of the seven days. As expected, attrition to some Red
platforms slows when the transition is made to posture “F,” producing fewer estimated
kills than seven days of combat in posture “N” (Blue Attack vs. Red Hasty Defense).
However, because the analytical model implementation implicitly models the combat

interactions within COSAGE, fire allocation associated with posture “F” produces more

estimated kills for some Red platforms than in posture “N.”
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Figure 5.9 Combat begins in combat posture “N”” (Blue Attack vs. Red Hasty

Defense), then transitions to posture “F” (Blue Attack vs. Red Prepared Defense)

after two days (see Figure 5.10 below).
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Figure 5.10 After two days of combat in posture “N” (Blue Attack vs. Red Hasty
Defense), the battle transitions to posture “F” (Blue Attack vs. Red Prepared
Defense) for the remaining five days of battle. Note that the Red platforms
surviving at time (t + 1) in posture “N” become initial numbers in posture “F.”
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C. BENEFITS OF THE MODEL

1. Speed

Both the single-period and multiple-period models significantly reduce the time
required to obtain results for 48 hours of ground combat. Once data is received from
CAA in the form of COSAGE Killer-Victim Scoreboards, the primary tirﬁe requirement
involved when utilizing DTAM is converting files from Unix to Windows files. After the
data is properly formatted, computer processing time involves a matter of minutes vice
the hours required to run COSAGE. More importantly, the analytical model “fitted to”
COSAGE data from the initial 48 hours allows suggestive extrapolation to much greater
times without the necessity for additional COSAGE runs.

2. Sensitivity Analysis |

Because DTAM runs relatively quickly, it can be used to exploré numerous “what
if” questions concerning parameters, including fire allocation, firing rates and initial
platform numbers. Additionally, the relative speed at which DTAM produces results
allows for code modifications to add functionality or to improve existing functions
without investing vast amounts of time.

D. SUGGESTED FUTURE WORK

The implementation of the model presented in this thesis is very much a work in
progress. The following items are candidates for such improvement.

1. Use Additional Data From COSAGE Runs

The model implementations presented in this thesis are based on Killer-Victim
Scoreboard information (e.g., average number of shots and kills) that is the average of
either sixteen or twenty COSAGE runs, depending on Blue-Red force interaction
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frequency. Improved estimates of platform survivability could be obtained by using
COSAGE data from individual runs. This could allow a better assessment of outcome
ranges for much longer times without the need to run COSAGE.

2. Updating Current Data

The most immediate improvement to the model is achievable through updating
the data sets. The data used for this thesis was drawn from Total Army Analysis 2005
(TAAO05), which was superceded by TAAO7 in late 1998. TAAO7 data is currently
available through the Center for Army Analysis (CAA), and will remain current into the
year 2001, when TAAOQ9 will be completed. The user may wish to update the parameters
using the TAAQ7 data, or to make any other changes that may improve the functionality
of the model.

3. Introduce Mine-Clearing Capabilities

DTAM does not currently model mine-clearing operations of any kind. As stated
earlier, mines are currently modeled as one platform that can not be attrited firing indirect
munitions. The inclusion of such operations may greatly enhance the models’ usefulness
when faced with artillery-fired mines, minefields, or both.

4. Make Shot Rates Adaptive to Changing Circumstances

As mentioned, once DTAM calculates shot rates for each shooter / munition /
target present in the prescribed combat posture, it uses the same shot rates per shooter /
munition / target every time the given posture is revisited. Because the COSAGE Killer-
Victim Scoreboard does not describe fire re-allocation, modeling fire re-allocation will

require an understanding of the inner workings of COSAGE code.
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S. Resolve “Excess” Kills

As noted in Chapter II, when DTAM identifies a case in which the average
number of kills recorded for a particular target exceeds the average total shots fired at
that target for a given munition, kills are set equal to shots fired. Future work should
seek a replacement for this simplifying assumption that does not discount these “excess”
kills.

6. Improve the User Interface

Although neither the single-period nor the multiple-period models require
excessive user intervention, improvement is always possible. It may be possible to
restructure the Visual Basic code to improve its functionality, and to make its operation
virtually transparent to the user.
E. ACHIEVEMENT OF OBJECTIVE

1. Reducing Modeling Time Requirements

DTAM computes estimated numbers of platforms surviving for the 48-hour
period using COSAGE data. In addition, the model analytically projects number of
platforms surviving far beyond the initial 48-hour period without the neéd for costly
postprocessor simulations. While there are obvious possible limitations to the
trustworthiness of DTAM, it greatly reduces computation time requirements, which
makes it ideal for multiple runs and sensitivity analysis on an exploratory, if tentative,

basis.

2. Producing Expected Numbers of Platforms Surviving

As shown in the results of this chapter, DTAM is capable of quickly providing
reasonable estimates for expected numbers of platforms surviving (Red and Blue). It can

60




also be used to project munitions needed to sustain combat. Although the
implementation does not represent every munition option available in today’s Army, it
does represent most present-day major weapon systems and their armament, and is easily
updated as new systems become available and are modeled in COSAGE.
F. SUMMARY OF RESULTS

We have developed a tool for analysts to use in modeling ground combat that will
produce expected numbers of platforms surviving using COSAGE output as initial input.
This model allows analysts to conduct quick “what if” investigations by altering input
parameters (e.g., shooting rates, initial platform numbers, etc.) between model runs.
Although the model represents additional functionality to that already available through
COSAGE and other simulations, there are still numerous improvements to be made.
Some of these improvements have been outlined, and others will become apparent with

experience.

61




THIS PAGE INTENTIONALLY LEFT BLANK




APPENDIX A. LINEAR REGRESSION MODELS

This appendix provides the reader one tool used to evaluate the plausibility of the
single-period analytical model implementation. The linear regressions displayed
compare estimated platform kills produced by the analytical model implementation
during the initial 48 hours of battle to those kills produced by COSAGE. The linear
regression model for combat posture NEA “D” (Blue Attack vs. Red Delay) presented in
Chapter I is not displayed.

Linear Regression
Data: NEA *F" (Blue Attack - Red Prepared Defense)

Regression Model: Estimated Kills ~ -0.3077 + 1.0374(Actual Kills)
L Standard errors: Intercept 0.0489

Slope 0.0022
R-Squared: 0.9931
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Linear Regression
Data: NEA "H" (Red Attack - Blue Hasty Defense)
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Standard errors: Intercept 0.0789
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Linear Regression

Data: NEA 'L" (Defense Light - Less Intense Static)

R-Squared: 0,9928

Regression Model: Estimated Kills ~ -0.3073 + 1.0106(Actual Kills)
Standard errors: Intercept 0.0601
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Linear Regression
Data: NEA “P* (Prep for Attack - Heavy Static)

Regression Model: Estimated Kills ~ -0.1009 + 0.9633(Actual Kills)
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Linear Regression
Data: SWA *F" (Blue Attack - Red Prepared Defense)

Regression Model: Estimated Kills ~ -0.3481 + 1.0475(Actual Kills)
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# Tetatut, (2 ‘C)sTT9D" (,1qM, ) S329YsyIOM = (£ ‘GMOII)STTSD " (,SIBLOATT,) s399YsHIOMN
adA3 paooax, paooay = (1 ‘6MOoxI)STT3D° (,,S3PLOATT,, ) SI1o9ysyIoM
3obaey, Tbutazghu = (Z ‘GMOII)STTOD" (,S3DLAATT, ) S1o9ys Iop

uayy, zburxjsAw = tbutazshwu 3JI
seweu 3abael, (T ‘L)STT8D° (,IaM,)s3sausyaoM = gburizsiw
(€T ‘0)STT®D" (w3, ) SISOUSYION = PIODAY

000z oL ¢ = [ xod
2 TRT3ITUI, woxy ssweu wxogjetrd pay TTnd, (T ‘T)STTD’ (, TRTITUL,)SILdYSHIOM = THutazshu
0 = STTTH
T = 9ATTd
PoYTRTITUL O ¢ = T I04
€ = GMOIX
S3U23U0DIRITD, .u = (n000062:ER,)0bued" (,,$3019AT1T, ) s199YysyIoM

STTTY PoAIasqo 03 pPaTTTY swrogjerd pajewryss butaedwoo ‘s3ibgsatd, sajerndod,
()sabreaTT 9 ans,

qng pud,
U JXaN
J1 pud
J1 pud
2/ ({((sdeyg / 2) + (09 x 9IS)) / ((sday / 1) + 04IN)) » (0¥ / QIS)) = (LT ‘U)STI®D* (,AIM,) SI29YSHIOM
(9ITF 308aTPUT) o3I TTTY poidadxy,
) uayy 0 <> 0¥ JI
(Aep suo - s3oys TTe), ({(GT ‘U)STT®D" (L AIM.)SIDUSAIOM)IbS = (9T ‘uU)STT@D" (,ATH,) SIPBYSAIOM
(shep z - s3joys TT®), (4as) . ((PT ‘U)STT®D" (L,AIH,)SI2BYSHIOM) = (ST ‘U)STT3D" (,, 1Y, ) SIS2YSYIOM
SIT3 300xTPUT saked, ((((sdad / Z) + (0€ » 9xS)) / ((sdsg / 1) + 09ad)) - 1) = (pT ‘U)STT®D" (.ga¥,) SI29YSYION
uayl ,SANIW. = UOTITUNWAIN IO M4 = PIOOSYAAN FISSTH
31 pud
2/ ((((sdeg / 2) + oqau) / ((sdod / 1) + 04I¥)) » (0¥ / (04U x 0¥))) = (LT ‘U)STTOD" (. OXN,) SIDdYSHIOM
(8113 309ITP) @3ex TTIA peloadxd,
uayg A3dwg <> 09 Puv 0 <> 0¥ II

31 pug
(Kep auo ~ s3joys TTe), ((GT ‘U)STTSD" (,ATM,) $I29YSHIOM) abS = (9T ‘U)STTD" (,AXN, ) SIISYSHIOM
(sfep gz - s3j0ys TT®), (0€ / 0GIU x OM)  ((PT ‘U)STTOD' (,OXN,) SISFUSHIOM) = (GT ‘U)STTSD" (,ATA,) S199YSHIOM

(((sday / 2z) + (0qau x 0d)) / ((sdeyg / 1) + 0GIN - (0QIU x 0¥))) = (PT ‘U)STT®D* (LAXN,)SIS8YSHION
(30Uys auo) 230aaTp saleq,
0GINN = 09I
uaylL O09INN =< 09Iy JI8sTd
(Aep suo - sjoys TT®), ((GT ‘u)STI®D" (,AXM,)s3I@0YSKAOM)IbS = (9T ‘U)STTSD* (,AIN,) SIYsSHIOM
(shep z - sjoys TTe), (09 / 09IU x 0¥) + ((PT ‘U)STTOD (,ATIA,)SIBVYSYAOM) = (ST ‘U)STTOD* (,UTN,) SIOBUSHIOM
(((sdoy / 2) + (0qau x Q¥)) / ((sdey / 1) + 0Ox¥ - (09auU x Q¥))) = (PT ‘U)STT®D" (,ATN.) SIS2USKION
(10oys auo) 308xTp saheq,
uaylL QQINN => 04I¥ JI
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STTITASA0 /

(STTTH / (STT™ -

I0I1X3 93PUTISI,
UOTIRWTISD~IBAQ,

swxozjeTd HbuTtaiains 3sa,

(sanoy yz)

(STTTMSAO -

9dA3 paooay, pI00ay

1hutazshu

saweu 39baeq,

2TBT3TUI, WOXJ saweu wiojiefd snlg TInd,

(€

(1T ‘GMOII) STTD' (,SIBLOATT, ) S300USyIOM) = (8

(ST ‘GMOax) STT3D" (,SIBLAATT,) sI08YSHIOM) ) (1

T

Z

= (T ’‘gmoax)sTT®D" (,S3BLoaTT, ) s303usyIon
= (Z ‘GMOIX)STT9D° (,53BLIATT,) s183ysyIOM
uayy zgbutazsdw = jbutazsAu JI
(T ‘0)sTT9D" (4q1,) s300ysyIoM = zbutajsiw

(e1 ‘0)sT190" (,q7Y,) S393YsAIOM paoo3y

000z o3 ¢ = [ xo4
(T ‘T)STT®D" (,TRTITUIL,)S3oaysyaom = THutazsiu
0 = STITY
1 = 9ATId
Te30LTRTITUI OL SnTdTeT3ITuUI = T X04
T + GMOIX = GMOIX
T 3%ON
I pud
T + GMOXX = GMOIX
uayy zmogAw <> TmoydAw JI
(€ ’'GMOIX) STT3D " (,SIBLIATT, ) $393YSYIOM = ZMOYAu
‘T - GMOIX)STT®D" (,$3DL9ATT,) s30aysyIor = TMOJAW
£ axen
31 pug
T + GMOIX = GMOIX
I pud

'GMOII) STT®D" (,SIBLAATT, ) SI98YSYIOM
usyL 0 <> STITSAO JI

I1 pud
‘GMOIT) STT®D " (,S3BLOATT, ) S392YSHIOM
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uayyl ,0. <> STTITH JI
STTTASAO - (11 ‘GMOII)STT®D" (,SIDILOATT,) SIO9YSHIOM = (LT ‘GMOIX)STT®D" (,SIBLIATT,,) SI0aysyIOM
STTITY - (ST ’GMOIX)STTOD" (,SIBLAATT, ) S300YSHIOM = (0Z ‘GMOII)STT8D’ (,SIBLOATT,) s30aysyIOM
STITY = (9T ‘GMOIX)STT8D" (,536L9ATT, ) SI99YSHIOM
(8 ‘GMOII)STTAD" (,SIBLAATT, ) $388YSYIOM + STTTM = STTTH
(PT ‘GMOII)STT3D' (,S3IBLIATT, ) s199UsyIoM
- (€ ‘GMOIT)STTOD" (,SIBLOATT,) SIOYSHIOM = (GT ‘GMOIIT)STT®D" (,SIBLIATT, ) s193ysyIOoM
STITY 2ATIETOUWAD pPajewtriysd,
({g 'GMOIX)STT3D" (,SIDLIATT, ) SISIYSHIOM « SATTd) = (b1 ‘GMOII)STT®D" (,SIBLAATT,) SI29YUSHION
OATTd = (€T ’'GMOII)STTAD’ (,S3IDBLOATT, ) s399ysyIom
STTTY 389, ¢ / (IT ‘GMOII)STT9D " (.SIBLOATT,)SIDIYSHIOM = (ZT ’‘GMOII)STTID" (.S3BLaATT,)s19aysyaom
(€ 'GMOII)STT3D" (,SIBLIATT, ) s199YsyIOM
» (0T ‘GMOII)STT®D" (,SIBLBATT, ) SIOYSHIOM = (IT ‘GMOII)STTSD" (,SIBLRATI,) s3aaysyaopm
(sanoy gy) STTTH pajewrisd,
(TTT4)a, (6 ‘GMOII)STTaD" (,SIBLOATT, ) s300YSYIOM - T = (0T ‘GMOII)STTOD” (,SIBLIATT,) s32aysyIoM
uoTIouUNg (9ATAINS)d SATIRDTTATITNW, (6 ‘GMOII)STTOD' (,SIBLOATT, ) SISOYSHIOM ¢ OATTd = 9ATTd
II pud
sjewrysa (z)b sadeqg, (GT ‘[)STT2D" (,I4M,)SI99YSHIOM = (6 ‘GMOII)STTD’ (,,$3PLAATT, ) SI99YSHIOM
usyl ,M, = PIOIdY 10 ,d, = PIOOAY II
(8 ‘GMOIX)STTaD" (4S53BLOATT,) S3099YSyIOM = STTTNSAO
STITA, (0T ‘C)STTI®D" (uIOM,) SIDBYSYIOM = (8 ‘GMOIT)STTD" (,SIBLOATT, ) s10aysyaom
uoT3TUNM, (v ‘C)STT9D" (L I,) SI9BYSAAOM = (L ‘GMOIX)STTOD" (.S3IBLOATT, ) sao0ysyIoM




Z = 9MOIx
$3UL3U0DIBSTD, wu = (u000062:610,)dbuey"’ (,,andano AOYS0D,,) SI29YSYIOM
S3USJUODIRITD, wu = Azoooomunmm=vomcmm.A=mcoﬂuﬁ:sz:vmumw:mxuoz
()puedxa H qng,

qns pud,
T 3IReN
JI pud
1 + GMOIX = GMOaI
uayy, zmoyAw <> TmoygAu JI
(€ 'Gmoax) sTT8D" (,S3BIOATT, ) sq@oysyIom ZmoygAu
(€ T - gMoxx)sTTeD" (,53DL9ATT, ) SqoaysyIOM = TMOYAU

£ axen
J1 pud
1 + GMOIX = GMOIIX
J1 pud
STTTASAO / (STTTASAO -~ (IT ‘GMOXA)STTAD* (,SIBLOATT,) S399USHIOM) = (8T ’GMOII)STTeD" (,SIBLOATT, ) s190UsyIoM
uayL 0 <> STITASAO JI
J1 pud
(STTTM / (STITY - (GT ‘GMOIX)STT3D' (,SIBLOATT,)SIO0USHIOM)) = (TZ ‘GMOIX)STT9D" (,SIBLOATT, ) S100YSHIOM
udyl ,0. <> STTIIH II
10115 ®3BWISS, STITHSAO - (TIT ‘GMOII)STTOD* (,SIBLOATT,) SISOUSHIOM = (LT ‘GMOII)STTOD* (,SIDLOATT, ) s39ayusyIon
UOTIBWTISO~I940, STTITH - (GT ’‘GMOIX)STT9D* (,SIBLOATI,) SI80USHIOoM = (07 ‘GMOXI)STT®D* (,SIBISATT, ) S190ysyIoN
STTITM = (9T ‘GMOII)STTdD* (,SIBILDATT, ) sI99ysyIon

(8 'GMOIX)STTdD" (,SIBLOATT,) SI89USHIOM + STTIN = STTTH
(PT ‘GMOIX)STT3D" (,53DLBATT, ) SI9YSHIOMN
- (€ ‘GMOII) STT9D* (,53BL8ATT, ) S199ysyIoM
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(ST ‘gMoax)sITaD" (,53BLOATT, ) SI93YSYI0M

STITA SATIERTNUND PIJRWTISH,

suzojjeTd butaTAaIns 9459, ((£ ‘GMOII)STT8D" (,SIBLSATT.) SIS0YUSHION » 9ATTd) (v1 ‘GMOIT)STT9D" (,53DLOATT,) S199YSYION

. SATTd (€T ‘gMoxa)STT9D" (,S3BLOATT, ) s109ysyIOoN

(sanoy pz) STTTA 389, Z / (TT ‘GMOII)STTOD" (,SIBLIATT,) SI9OUSHIOM = (2T ‘GMOXI)STT9D" (,SIBLOATT.) S300UsHION
(€ ‘GMox)STT2D" (,53619ATT, ) S199YsyIOM

» (0T ‘GMOXX)STT®D" (u,SIBLAATT,) S300YSHIOM = (IT ‘GMOII)STT®D" (,S3BLBATT, ) s399ysyIoN

(sinoy gy) STTTY pa3ewrlysd,

(TTT) ds (6 'GMOIX) STTAD (4 SIBLOATTL) S309YSHIOM ~ T = (0T ‘GMOXA)STTeD" (,SIBIOATT, ) S390YySHIOM

uoTiouny (9ATAINS)d SATILOTTATIITMM, (6 ‘GMOIX)STTOD' (,SIBLOATT,)SIO9USHIOM y SATTd = OATTd

31 pud
93euT3sd (g)b sehed, (GT ‘()STTOD" (,G7M.) SISPUSHIOM = (6 ‘GMOIX)STTD" (,SIBLOATT, ) S190YSIIOM

uayl ¥, = PAODSY I0 ,d, = PIOOSY II

(8 ‘GMOIX)STT®D" (,SIBIPATT,) SI90YSHIOM = STTTHSAO

STTTM, (0T ‘L)STT®D" (,ATN,) SIFSUSHIOM = (8 ‘GMOII)STTAD* (,SIBLIATT, ) S320ySHI0M

UOTITUNW,  (§ ‘L)STT9D° (.OXN,)SI9BYSHIOM = (L ‘GMOXX)STTI®D" (,SIBLOATT, ) SI109ysyIoM

aqs, (9 ‘L)STT9D° (,qa¥.) SIOBYSHIOM = (9 ‘GMOXT)STTOD" (,$3PLOATT, ) S399ysII0M

31 pug

(0)XaN, (L ‘£)STT9D* (,ATM.) SIPIYSHIOM = (G ‘GMOIT)STT8D" (,,S3BLOATT, ) S199ysyIOM
usyL .M. <> PI0o8y JI

(v ‘GMOIT)STTOD" (,SIBLAATT, ) SI98YSHIOM
(€ 'gmoxx)STT9D" (,$3BIOATT, ) s303ysyIop

i

I93004s, (€ ‘£)STT®D (,9IY.) SI29USHIOM
§ TeTaITUI, (2 ‘[)STT®0" (.91, ) S390YsAION




qns pug

qus pud,
u 3XaN
31 pug
JI pud
Z / (3Tul / s3oys) = (GT ‘w)STT8D" (,INdIno FAOYSOD,) SI83YSHIOM
v usyl Q0 <> ITUI FI
uayyL .M. = PI0OdY 10 ,d, = PIOOAY II
(8 ‘w)sTTaD" (,3ndino IOYSOD, ) $3I99YSHIOM = S30US
(€T ‘w)sTT®D" (,3ndINo FOYSOD, ) SI22YSYIOM = 3ITUI
(1T ‘w)STTaD" (,and3no FAOYSOD,, ) $399YSYIOM = PIODdY
abeso) 01 G = W 104

X 3IXSN
(9 ’Y)STT®D" (,SUOTITUNN, ) SI2IYSHION
(G ‘X)STT®D" (,SUOTITUNR,,) SIDIYSHIOM
doo1
T + W =uw
(p ‘w)sSTTaD° (,SUOTITUNN,, ) SIDAYSHIOM = papuadxy
Ajdug = (T ‘W)STT8D" (,SUOTATUNR, ) SIBAYSHIOM IO TUOTITUNM <> (T ‘W)STT2D° (,L,SUOTITUNW,) SI99YSKIOM TTaun od
X = W
(T ’3)STT®D" (,SUOTAITUNK, ) SISDYSHIOM = [UOTITUNW
0 = wng
0 = pepuadxy
9MOII OL € = ¥ JIod

2 /.popuadxyg
popuadxy

T 3IXaN
€ axeN
31 pug
uns = (f ‘9MOIA)STTOD" (, SUOTITUNN, ) SISBYSHIOM
3abaey (€ ‘9M0XI)STT®D" (,SUOTITUNY, ) SIDBYSHIOM
I93004S (Z ‘9MOIX)STT9D" (,,SUOTITUNR,, ) SIVBYSHIOM
UOTITUNW = (T ‘9MOII)STTSD" (,SUOTITUNH, ) SIOBYSHIOM
T + 9M0I3 = 9QMOII
(8 ‘L)sTT20" (,3INd3N0 IOYSOD,) SISIYSHIOM + WO = wng
usayl (M, = PI0d8Y I0 ,d, = PIOOSY) puy (SWeNjTunw = UOTITUNR) IJI
(L 'C)sT19D° (,3Ind3no AHYSOD.) SI99YSHIOM = 39bael
(9 ‘0)sTT120* (,and3ano FOYSOD, ) SILAYSHIOM = SWeNFTUNW
(7 ‘C)sTT9D° (,3INd3Ino FAHYS0D, ) SI93YSHIOM = ISJO0US
(1 ‘0)sTT2D" (,3nd3no FOYSOD, ) SIBBYSHION = PIODOdY
abeso) o1, g1 = [ xo0g
(¢ 'T)STT®D" (,SWI0FILTJ,) SIOIYSYIOM = UOTITUNR
0 = ung
€201 OL 106 = T I03
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APPENDIX C. MULTIPLE-PERIOD MODEL IMPLEMENTATION

© e g—

The following is the Visual Basic multiple-period impleméntaﬁon of the

analytical formulation introduced by Professors Gaver and Jacobs.

(8 ‘T)sTT2D" (,3nd3IN0 HHYSOD, ) SIOVYSHIOM = SIOYSITP

(6 ‘T)STTI®D" (4INdINO FHYSOO.) SIOBYSHIOM = STTTH

(9 ‘T)STT2D° (,3Ind3Ino FHYSOD.) SI99YSYIOM = ITUNR

(¢ ‘T)STT®D" (,3INd3INO FOHYSOD.) SIDVYSYIOM = 189300Ug

(T ‘T)STT®D" (43INd3INo FOYSOD,) SIOBYSHIOM = PIodY
obeso) o GT = T I04

w 3xeN
@3eyg3oys = (GT ‘w)sTT8D" (,Ind3ino IAHYS0D, ) SI2vYSHIOM
31 pud
J1 pud
(SI3YSITUT / SIOYSPUT) » G0 = 23IBYIOYS
UaylL 4Mu = PIOO9Y JISSTUH
(SI3YSITUT / SIOYSIATP) » G0 = d©3BYIoyug
USYL uyWDdw = UOTITUNW IO ,SYUTIWA, = IDJ00YS 10 udy = PI0OSdY JI
usyy Ajdwd <> SIIYSITUT PUvY ,0, <> SIIYSITUT II
(€T ‘w)sTT®D" (,3INd3INO FAHYSOD, ) SIVVYSHIOM = SIFJYSITUT

(PT ‘w)STTD" (,3ndINO HHYSOD.) SIOOYSHIOM = S3IOYSPUT
(8 ‘w)sTToD" (,3ndINO IHYSOD, ) SIVSYSYIOM = SIOYSITP
(9 ‘w)sTTeD" (,3IndIN0O FIYSOD.) SISPYSHIOM = UOTITUNR

(v ‘w)sTT®D" (,3INdINO FHYSOD,) SISVYSHAOM = ID300YS
(T ‘w)sTT®D" (,3Ind3ano IOYSOD.) SIPVYSHIOM = PIoOay
obesop 0 61 = w I04

9T = sdeay
G0T = onid
¢IT = pPay

GIZ = TEBT3TUT
126 = abeso)
saojowered,

wu = (,000022:G10,)9buey" (,,3ndIN0 HHYSOD.) SISSYSHIOM
w30dino FOYSOD., UT (4 uunyod) sanyea,
(TTT™)d pue (O uwnToo) 8jex Joys pajewrlse soounpoad pue ,, ‘ojrepdn anid, pue,

u‘ontd, , ‘93epdn pey, , 'PoY¥, siesysiyaom sejerndod oxoew 8yl IO UOTIOSS STYJ,

() e3epdpnebeson qus,

()3OTTD TOPOWPOTISATITNA NS 93BATIG
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(1T + 2wT33 ‘T)STTeD" (,23epdn PoY,) SI99USHIOM = IBqUNN
(T ‘T)STT9D" (4,o3epdn pey,)sissysyioM = wxojjerd
peY OL € = T I04

wlu 3 WTIY 3, + 3) SWTL, = (g + dWT3II ‘Z)STT=D" (,23epdn onid,)sisaysyIom
ulu 3 BWT3IY 3 ,, + 3) BWIL, = (Z + dWTI3 ‘Z)sSTT=D" (,93epdn pay,) s3soysyiIom
sejepdn pey,

Topow 03 spotasd Inoy-pg JO IoquNu pautiop-aosn, seiepdn oL [ = oWTI] IOd

anTeA ' TXodgaxa] = sejepdpn
9T = sday

G0T = °onTd

¢TT = pay

126¢ = ®besop
sIsojswexed,

wa = (,000022:20,)9buey" (,o3epdn poy,)siseysyIom

wu = (,00002Z:22,)9buey" (,23epdn pey, )sisaysyiom

spoTiad INOY-yz SATSSOOONS PuU® TETITUT I0J SIOATAINS oNTg pue pay 3o0Tpexd o3 s9jewT3s9,
ueTsadleg bursn ‘p ae93deyd UT PoIIOSSOD UOTIBTNUWIOT oYj sjuaweTdwT oxdeuw 8yl JO UOTIOSS STUL,

()e3epdn ang,
..———..—_..—_.>>.-..-..—.-—-..-—-.—.———-.—-.—.-..-.-.-.-—..———.—-.-.
ans pud,
T 3®oN
JI pud
TT™d = (9T ‘T)STT2D° (,3nd3ino FHYSOD.) S1o9ysyIom
((sdey / 2) + (s3bratutr 4 s3oygpur)) / ((sdeg / 1) + STTTM) = TTTad

usyr ,M, = pPIoday JIesTH
TT™Id = (9T ‘T)STT®d* (,Ind3Ino IOYSOD.) SI99YSIoM
((sdey / z) + s3oysatp) / ((sdey / 1) + STITM) = TT1TNd
JI pug
S30USITP = STTTH
. usyL $3IOYSITP < STITH II
Uusyl, uwWddy = ITUNW IO ,SYTWN, = IDJ0O0US IO udy = pPIOO9dY JI
(ZT ‘T)sTT20" (,3INd3INO HDYSOD, ) $I99YsyIoM = s1bLITUT
(PT ‘T)ISTT9D" (,INAINO HHYSOD, ) $399YSYIOM = SIOYSPUT

I
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(sjoysumy .

((raquny / s3joysuny) .

usyy, .WOd.,

i

(T + swr3)y

enfg O, € = T I04
sojepdn enig,

T 3xaN
SIOATAINS = (Z + dWT33 ‘T)STTeD" (,o3epdn pey,)siesysyaom
[ 3xeN
31 pug
q IxeN
31 pug
31 pud
B J1I pug
(TTTH d - 1)) x SIOATAING = SIOATAING

tosTd

0 = sIoAaTAINS
UsylL 0 = JIdqunN JFI
usyl 4Mu = PIOO9Y FIeSTF
_ FI pug
(TTTY d - T)) » sIoaTaIng = SIoATAING
1osTq
0 = sIoaTaIng
usylL 0 = JoqunN JFI
ATUNR 10 uSYTRN, = I9300Ys I0 ,Qu = pIodey II1
93BYI0US x SIJYSUWNN = S3oysuny
‘q) STT®D " (wo3epdn onTd,)s3eaysyaIom = sIjysuny
usyl I9300Ys = IjysenTd JI
(T 'q)sTT®D" (4®3epdn onig,)s3iosysyiom = xjysenig
anig ol £ = q I03
(LT ‘0L)sTT90" (43Ind3IN0 HOYS0D,) SIOOYSHIOM = 2ATAING g
(9T “0)sTT90" (,3Ind3Ino FOYSOD,) SIS8YSHIOM = TTTY 4
(ST ‘L)sTT20" (,3ndIno HHYSOD.) SIPBYSYIOM = 9324310US
(8 ‘L)sTT9D" (,3Ind3INO FOYSOD, ) SI92YSHIOM = 30YS
(9 “L)sTT2D" (,3IndInN0O AHYSOD, ) SI90YSYIOM = JTUNy
(7 ‘L)STT2D" (,3INd3INO HOYSOD.) SIOOYSHIOM = I9300YS
(T “0)sTT9D" (4,3INdINO HAOYSOD.) SIOBYSHIOM = PIOOSY
usy] wrogjefd = 38baey IT
(L “0)sTT12D" (,3Ind3no FHYS0D, ) s1ooysyIoM = jobiey
obeso) o] g1 = [ zo4

I{qunN = SIOATAING

85




qns pud,
swT13} IXSN

T 3%XeN
SIOATAING = (Z + 2wWT33 ‘T)STToD° (4o23epdn oanTd,) S1o9UsSyIom
C axeN
3T pug
q 3XON
3T puy
3T pud
_ FI puy
(saoysumpN . (TTTY d - 1)) » SIOATAING = SIOATAING
tosTd
0 = SIOATAINS

usyl 0 = XequoN JI
syl ,M, = PIOOdY JISSTH

31 pud
((z3qunN / s3joyswnnN) o (TTTY d - T)) x SIOATAING = SIOATAING
19STH
0 = SJIOATAING O
usaygl 0 = IaquoN JI o0
Uyl ,W9d. = 3ITUNW IO ,SYIWN, = ISI0OUS IO ,du = PIoddY JFI
931BY30US x SIJYSWAN = SIOYSUNN

(T + 2wWT33 ‘q)sTToD" (,o3epdn POV, )S3odYSNIOM = SIIYSUNN
usyL I2300YS = IIYSPaY JFI
(T ‘q9)sT120" (u23epdn poy,)siodysyaom = IIYSPaY
poy oL € = q 04
(LT ‘C)sTT®D" (L3ndano FOYSOD,) SISBYSHIOM = SATAING d
(91 ‘0)sTT®D" (w3ndano FOYSOD.,) SISVYSHIOM = TTTH d
(6T '0)sT120" (43INdINO FHYSOD,) SISSYSHIOM = 93BYI0US
(8 ‘[L)sTT®D" (,3nd3IN0o HOHYS0D.) SISSYSHIOM = 30US
(v ‘0)sTT20" (,3nd3N0 AOYSOD,) SIOBYSHIOM = I9J00YS
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